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Abstract 


W«  axtand  the  limiting  lagrangean  aquation  ^  . 

T^f°(3t)  +  e(w*  +  V  +  hL^fh(x))>  • V(P)  • 


e-o*  1  h6H'v^h . 

•'»«'  <?'«-><-  '  f  *  "  lo„li.fa^ 

and  tha  rasults  on  affina  supports  from  which  it  was  dsducsd,  to  a  vary 
ganaral  satting  that  subsumas  tha  pravious  constraint  qualifications. 

A  J lapis  axaapla  shows  tha  naad  for  soma  constraint  qualification. 
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CONVEX  PROGRAMS  AND  THEIR  CLOSURES 
by 

C.  E.  Blair, 1  J.  Borvein,*  and  R.  G.  Jeroslow J 


For  a  convex  function  f:  D  ♦  R  (D  c  r\  D  convex)  the  closure 
cl(f):  d(D)  *  R  U  {+-}  is  dsfinsd  by 

(1)  cl (f ) (y)  -  sup{h(y) |h  linear  affine,  h(x)  s  f(x)  for  all  x  €  D} 

where  cl(D)  is  the  closure  of  the  convex  set  D. 

It  is  well  known  that:  <i)  d(f)(x)  <  f(x)  for  all  x  €  D;  (ti)  d(f) 
is  convex;  (ill)  d(f)(x)  -  f(x)  for  all  x  €  relint(D),  where  rellnt(D) 
denotes  the  relative  interior  of  the  convex  set  D. 

For  a  convex  optimization  problem  (with  possibly  infinitely  many  con¬ 
straints) 


(?) 


Inf  f q (x) 

subject  to  s  0  for  h  €  H 


and  x  €  K 

with  optimal  value  denoted  v(?),  the  closure  is 


(P') 


inf  d(fQ)(x) 

subject  to  d(f^)(x)  £  0  for  h  €  3 
end  x  €  cl(K) 
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with  optimal  value  denoted  v(P'). 

We  assume  throughout  that  (P)  is  consistent. 

Duff in  [1]  and  Jeroslov  [2]  show  that  when  (?)  and  (P')  have  the 
same  optimal  value,  a  "limiting  Lagraagean"  exists,  in  the  sense  that 
(using  the  homotopy  fora  of  the  limiting  Lagrangean  of  [2,  equation  (SO)]) 

(2)  lim  sup  inf  (f.(x)  +  9(wx  +  w. )  +  Z  \f  (x)}  -  v(P) 

9-*0+  A  xfK  0  1  h€H  “  h 

for  w  €  Ra  and  w^  €  R  suitably  chosen,  where  A  denotes  that  space  of  vec¬ 
tors  (A^Jh  6  H)  which  are  nonnegative  and  only  finitely  non-zero.  More¬ 
over,  from  the  value  equality  v(P)  •  v(P")  also  follows  "fine  detail" 
from  which  (2)  is  deduced,  as  e.g. ,  [2,  Theorem  3]  and  [2,  Corollary  3]. 

It  is  also  established  in  [2]  that  v(P)  ■  v(P")  holds  in  many 
Instances  in  which  the  usual  constraint  qualifications,  such  as  the 
existence  of  Slater  points,  may  fail  to  hold  even  for  ] H |  finite.  This 
is  because  the  limiting  lagrangean  (2)  is  not  related  to  issues  of  linear 
affine,  or  even  rather  more  general,  supports  to  the  perturbation  function 
of  (?) .  This  aspect  of  the  limiting  lagrangean  was  already  present  in 
the  first  limiting  lagrangean,  due  to  R.  J.  Duff in  [1]. 

The  purpose  of  this  note,  is  to  extend  the  validity  of  the  limiting 
lagrangean  (and  Theorem  3  and  Corollary  3  of  [2])  to  a  rather  broad 
setting  that  is  associated  with  the  ordinary  lagrangean  in  the  case  of 
| H j  finite.  We  show,  in  this  setting,  that  the  limiting  lagrangean  holds 
again  under  weaker  hypotheses  than  the  ordinary  lagrangean,  even  for  |h| 
finite;  and  our  result  also  treats  j  H |  infinite. 


L«t  be  the  domain  of  definition  of  f.  .  [2]  showed  that  v(P)  -  v(P') 

if  relinc(K)  s  ralinc(D.  )  for  all  h  6  {0}  u  H  and  there  was  an  x_  6  relint (K) 

ti  .  0 

such  that  £^(xq)  s  ^  for  ell  h  6  H.  These  latter  hypotheses  were  called 
(CQ)  in  [2]. 

In  this  note  we  show: 

THEOREM:  Let  3"  denote  those  indices  h  €  { 0 }  U  H  such  chat  f.  is  not 

ft 

closed. 

v(P)  »  v(P')  if  there  is  an  x^  satisfying  this  constraint  qualification: 
(3)  x.  €  relint(K)  fl  fl  relint  (D.  )  and  f.  (x_)  £  0  for  h  €  H  . 

o  h€r  h  h  0 

(The  intersection  over  an  empty  set  is  defined  to  be  Rn). 

PROOF:  If  x  is  feasible  for  (?)  it  is  also  feasible  for  (P')  because 

cl(f^)(x)  £  f^(*)*  Since  cl(fQ)(x)  £  fQ(x),v(P')  £  v(P). 

To  show  that  v(P")  a  v(P),  let  x  be  any  feasible  point  of  (P').  For 

0<\<lify»\x+(l-  \)Xg,  y  €  K  and  y  6  relint  (D^)  for  all  h  c  H", 

by  the  Accessibility  Lemma  [5,  3.2.11].  3y  (iii),  cl(f^)(y)  ■  f^(y)  for 

all  h  €  H";  therefore  cl(f^)(y)  ■  f^(y)  for  all  h  t  H  U  { 0 } . 

Since  cl(f.  )(xn)  £  f.  (x.)  £  0  and  cl(f.  )(x)  £  0  for  h  €  H,  one  easily 

shows  (by  considering  f^  and  cl(f^)  on  [x,xQ])  that  r^(y)  ■  cl(f^)(y)  s  0 

for  h  €  H.  So  y  is  a  feasible  point  for  (?) . 

3y  semi-continuity  lim  cl(f  j(y)  £  cl(fn)(x).  3ut  since  cl(f0)(y)  • 

\*1 

fQ(y)  for  all  X  <  1  this  implies  v(?)  s  d(fg)(x). 

Since  x  wss  arbitrary,  this  shows  v(?)  £  v(P").  Hence  v(P)  ■  v(P'), 


as  desired. 


REMARK:  The  same  proof  shows  that,  if  K  is  closed,  on*  obtains  v(P)  ■  v(P“) 
from: 

x  €  K  fl  fl  rslint  (D.  ) 

0  htH'  h 

and  fh(xQ)  *  0  for  h  t  H. 

In  ona  of  the  constraint  qualifications  of  [2],  it  is  assumed  that  H'„  -  ■£ 
and  K  is  closed,  in  which  case  (4)  becomes  that  constraint  qualification 
(CQ) Trivially,  (4)  implies  also  the  constraint  qualification  (CQ)  of 
[2]. 

COROLLARY :  Suppose  that  (P)  has  at  least  two  different  feasible  points, 
and  that  none  of  the  sets  K  or  0^  for  h  €  contains  any  line  segments  in 
K\relint(K)  or  D^\relint(D^)  (where  H*  is  as  defined  in  the  theorem). 

Then  v(P)  -  v(P'). 

PROOF:  Let  x^  x^  both  be  feasible  in  (P> .  Since  x^.x^  €  K  end  K  con¬ 
tains  no  line  segment  in  K\ralint(K),  xQ  -  (x^  +  x^)/2  £  relint (K). 
Similarly,  xQ  €  relint(D^)  for  h  €  H".  Trivially,  f^Cx^)  £  0  for  h  t  H. 

The  result  now  follows  from  the  theorem. 

Q.E.D. 

Some  constraint  qualification  is  needed  to  insure  that  v(P)  -  v(P ') , 
even  for  |h|  finite.  For  example,  consider  this  instance  of  a  convex  pro¬ 


gram: 
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(5) 


inf  xx 

subject  to  x,  s  0 

^2  )  s  0 


where  K  -  {(x^x^jo  S  %l  s  1  and  x2  2  0}  and 

0  ,  0  s  x1  s  1  and  x.,  >  0; 

1  -  Xp  0  s  x^  s  1  and  x.,  ■  0; 

+  ®  ,  otherwise. 

Here  v(P)  -  1  and  v(P')  -  0,  since  cl(f,)(x1,x2)  =  0  If  0  s  x1  s  1  and 
*2  4  0*  In  ct'i«  example,  H  ■  {2},  as  f,  is  not  continuous  on  line  seg¬ 
ments  that  begin  in  the  interior  of  K  and  end  in  the  boundary  segment 
{(x1,x2)|x2  -  0  and  0  s  Xj  <  l}.  Here  also  x2  s  0  and  (x^x,)  €  K  implies 
*2  *  0*  30  (^.x,)  i  relinc(D,);  hence  (3)  fails. 


(6) 


f 2 *X2^  m  * 


August  2,  1978 
Revised  September  1U,  1978 


6 


REFERENCES 


[1]  R.  J.  Duff in,  "Convex  Analysis  Treated  by  Linear  Programing," 
Mathenatlcal  Programing  4  (1973),  pp.  125-143. 

[2]  R.  G.  Jeroalow,  "a  Llaiting  Lagrangean  for  Infinitely-Constrained 
Convex  Optimization  in  Ra,"  MSRR  417,  GSIA,  Camegie-Mellon  Uni¬ 
versity,  April  1978;  revljed  June  and  July  1978. 

[3]  0.  L.  Mangasarlan,  Nonlinear  Programing.  McGraw-Hill  Book  Co., 
New  York,  1969. 

[4]  R.  T.  Rockefeller ,  Convex  Analysis.  Princeton  University  Press, 
Princeton,  New  Jersey,  1970. 

[5]  J.  Stoer  and  C.  Witzgall,  Convexity  and  Opt-1- negation  in  Finite 
Dimensions :  I ,  Springer  Verlag,  New  York,  1970. 


RC4D  INSTRUCT1C.NS 


REPORT  DOCUMENTATION  PACE 


3SFOR1  CO*»PLt:rNO  FORM 


Technical  Report  No.  430 


Technical  Report 
October  1978 _ 

**wroa<Mi»a.aaa.  *yo«~  <un»c« 


'convex  programs  and  THEIR  CLOSURES  / 


C.  E. /Blairj 
J . I Borwein 
R.  G.  jjeroalow 


A'  3  N000l4-75-C-0b2 1 


Graduate  School  of  Industrial  Administration 

Carnegie-Me 1  Ion  University 

Pittsburgh,  Pennsylvania  15213  v 


C«a<rallM«  OHIMI  ]  «».  1SCURITV  CLASS,  (t  *AU  ■**«*) 


.CMiOJLi 


«  5HT«i#t'^OR  $TAT»*f*lT  at  tSf 


Approved  for  public  release;  distribution  unlimited 


3IST*iaiiTiON  STATCatNT  j  I  m»  aural  wnWm  *Im« 


,  Management  sciences  research  rept, , 


Nonlinear  programming,  Lagrangean,  Convexity 


JO.  ABSTRACT  rCuHMM  at  nutu  WM  if . if  aM  i«Miify  •»  *•«*  —Ml) 

We  extend  the  limiting  Lagrangean  equation 

lim  sup  inf{f~(x)  +  9(wx  +  w.)  +  S  X.f.ix)}  ■  v(P)  , 

9-0+  A  xcK  °  hcH 

and  the  results  on  affine  supports  from  which  it  was  deduced,  to  a  very 
general  setting  that  subsumes  the  previous  constraint  qualifications. 

A  simple  example  shows  the  need  for  some  constraint  qualification. 
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